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Overview 

• Today 
– Blind Monte Carlo Integration 
– Intelligent Monte Carlo Integration 
– Discrepancy and Basic Quasi Monte-Carlo 

Sampling 
– Direct Lighting Computation   
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Blind Monte Carlo Integration 
• Blind Methods 

– No information about integrand 
• Goal: 

– Fast numerical integration 
– Low variance 
– At low sampling rates 
– Maximize Efficiency = 1/ (Variance * Cost) 

 
• Algorithms 

– Crude Monte Carlo Sampling 
– Rejection Sampling 
– Sequential Tests 
– Blind Stratified Sampling (Jittering) 
– Weighted Monte Carlo Sampling 
– Quasi Monte Carlo Sampling 
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Blind Monte Carlo Integration 

• Sequential Sampling 
– Central Limit Theorem 

 
 

• Approach 
– Send rays until confidence in the estimate is high 

enough 
• Student t-distribution [Purgathofer, 1987] 
• Chi-squared distribution [Lee et al, 1985] 

– Problem: 
• Usually too conservative 
• Requires too many samples 
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Blind Monte Carlo Integration 

• Blind Stratified Sampling (Jittering ) 
– Goal: uniform distribution of samples 
– Subdivision of domain of the function into k strata 

 
 

– With independent  
random variables 

• Variance of sum  
is sum of variances 

– In general lower  
variance of f over  
smaller intervals 
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Blind Monte Carlo Integration 

F(x) 
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Sample-Distributions 

• Visual evaluation of 
discrepancy across 
several random 
distributions 
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Intelligent Monte Carlo Integration 

• Goal 
– Exploit knowledge about integrand 
– Intelligent placement of samples 

• Algorithm 
– Intelligent stratified sampling 
– Importance sampling 
– Weighted importance sampling 
– Separation of the main part (Control Variates) 
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Direct Lighting Computation 

• Importance sampling of many light sources 
– Cost grows with number of lights 

• Approaches 
– Equal probability (1/NL) 
– Fixed weights according to total power of light 

 
 
 

• Sample as discrete probability density function 
– Fixed spatial subdivision 

• Estimate the contribution in each cell (e.g. octree) 
– Dynamic and adaptive importance sampling 

• Compute a running average of irradiance at nearby points 
• Use the relative contribution as the importance function 
• Should use coherent sampling 
• Might need to estimate separately for primary and secondary 
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Direct Lighting Computation 

• Sampling thousands of lights interactively 
– At each pixel send random path into the scene and 

towards light 
• Low overhead since we already trace many rays per pixel 

– Gives a rough estimate of light contribution to the 
entire image 

• Take maximum contribution of each light at any pixel 
• Might want to average over several images (less variance) 

– Use this estimate for importance sampling 
• Make sure every light is sampled eventually 
• Might ignore lights with very low probability (but has bias) 

– Trace samples ONLY from the eye 
• Avoids touching the entire scene 
• Minimizes working set for very large scenes 
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