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ALCQHI DL

ALCQHI extends ALC with quali�ed number restrictions, role
hierarchies, and inverse roles

De�nition (ALCQHI concepts and roles)

Given three mutually disjoint sets NI (individuals), NC (atomic
concepts) and NR (atomic roles), the set of ALCQHI-roles is:

NR ∪ {R− | R ∈ NR}

ALCQHI-concepts are recursively constructed as the smallest set
of expressions of the forms:

C ,D ::= A | ¬C | C u D | ∃R.C | 6n R .C

where A ∈ NC, R is an ALCQHI-role, C ,D are ALCQHI-
concepts, and n ≥ 0 is an integer.
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ALCQHI DL (cont.)

De�nition (Interpretation)

An interpretation is a pair I = (∆I , ·I) which contains:

a domain ∆I 6= ∅ ;
an interpretation function ·I s.t.:
aI ∈ ∆I for all a ∈ NI ;
AI ⊆ ∆I for all A ∈ NC ;
RI ⊆ ∆I ×∆I for all R ∈ NR ;

and for each complex concept and role the constraints on next
slide are satis�ed
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ALCQHI DL (cont.)

X X I

¬C ∆I \ CI
C u D CI ∩ DI
∃R.C {x ∈ ∆I | ∃y ∈ ∆I : 〈x , y〉 ∈ RI ∧ y ∈ CI}
6n R .C {x ∈ ∆I | #{y ∈ ∆I | 〈x , y〉 ∈ RI ∧ y ∈ CI} ≤ n}
R− {〈y , x〉 | 〈x , y〉 ∈ RI}

In addition, we de�ne as syntactic short-hands:

C t D ::= ¬(¬C u ¬D)

∀R.C ::= ¬∃R.¬C
>n+1R.C ::= ¬6n R .C
=n R .C ::= 6n R .C u>n R .C

> ::= A t ¬A
⊥ ::= A u ¬A
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ALCQHI DL (cont.)

X X I

¬C ∆I \ CI
C u D CI ∩ DI
∃R.C {x ∈ ∆I | ∃y ∈ ∆I : 〈x , y〉 ∈ RI ∧ y ∈ CI}
6n R .C {x ∈ ∆I | #{y ∈ ∆I | 〈x , y〉 ∈ RI ∧ y ∈ CI} ≤ n}
R− {〈y , x〉 | 〈x , y〉 ∈ RI}

In addition, we de�ne as syntactic short-hands:

C t D ::= ¬(¬C u ¬D)

∀R.C ::= ¬∃R.¬C
>n+1R.C ::= ¬6n R .C
=n R .C ::= 6n R .C u>n R .C

> ::= A t ¬A
⊥ ::= A u ¬A

Martin Baláº, Martin Homola Lecture 2: Description Logics ALCQHI



ALCQHI DL (cont.)

De�nition (TBox)

An ALCQHI TBox T is a �nite set of GCI axioms and RIA
axioms ψ of the respective forms:

φ ::= C v D

ψ ::= R v S

where C ,D are concepts and R, S are roles.

De�nition (Satisfaction, Model)

An interpretation I satis�es (|=) axioms follows:

I |= C v D i� CI ⊆ DI

I |= R v S i� RI ⊆ SI

I is a model of a TBox T i� I |= φ for all φ ∈ T .
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ALCQHI DL (cont.)

De�nition (TBox)

An ALCQHI TBox T is a �nite set of GCI axioms and RIA
axioms ψ of the respective forms:

φ ::= C v D

ψ ::= R v S

where C ,D are concepts and R, S are roles.

De�nition (Satisfaction, Model)

An interpretation I satis�es (|=) axioms follows:

I |= C v D i� CI ⊆ DI

I |= R v S i� RI ⊆ SI

I is a model of a TBox T i� I |= φ for all φ ∈ T .

Martin Baláº, Martin Homola Lecture 2: Description Logics ALCQHI



ALCQHI DL (cont.)

De�nition (Decision Problems)

Given a DL TBox T , some concepts C ,D and some roles R, S , we
say that:

C is satis�able w.r.t. K i� there is a model I of K s.t. CI 6= ∅ ;
R is satis�able w.r.t. K i� there is a model I of K s.t. RI 6= ∅ ;
C is subsumed by D w.r.t. K (denoted K |= C v D) i�
CI ⊆ DI in every model I of K ;

R is subsumed by S w.r.t. K (denoted K |= R v S) i�
RI ⊆ SI in every model I of K ;

Martin Baláº, Martin Homola Lecture 2: Description Logics ALCQHI


