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Alphabet

An alphabet contains
@ Propositional variables
p,q,r,...
@ Logical connectives
VA, =S

@ Punctuation symbols

()
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Formula

A formula is
@ an atom (propositional variable)
e ¢ if ¢ is a formula
o (PAV)if ® and W are formulas
o (dVV)if ® and W are formulas
o (N — W) if ® and V¥ are formulas
o (Me W) if d and W are formulas
° ...

A language is a set L of all formulas.
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A valuation is a mapping v: £ +— {0,1} such that
o v(—®)=1iff v(d) =0
o v(dAV)=1iff v(®)=1and v(V) =1
o v(dV VW) =1iff v(®)=T1orv(V)=1
o v(d—-V)=1iff v(®)=0o0rv(V¥V)=1
o v(® — V) =1iff v(d) = v(V)
A formula & is satisfiable iff there exists a valuation v such that
v(P) = 1.
A formula & is a tautology iff for all valuations v holds v(®) = 1.

Proposition

A formula ® is not satisfiable iff =® is a tautology.
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Entailment

A set of formulas T entai/s a formula ® (denoted T = @) iff for all

valuations v holds v(®) = 1 whenever v(W) =1 forall Win T.
Proposition

A formula ® is a tautology iff ) = ®.

Proposition

TU{GYEV iffTE® — v,
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Propositional Calculus

A inference rule is an expression of the form

®1,..., 0,
(0]

where n >0, ®¢,...,d, and ® are formulas. ®1,..., P, are called
premises and ® is called the conclusion.

An axiom is an inference rule with empty set of premises.
A propositional calculus is a language with a set of inference rules.
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Propositional Calculus

A formula ® is provable from a set of formulas T (denoted by
T | @) iff there exists a sequence of formulas ®y1,...,d, = ®,
n > 1, such that for all formulas ®;, 1 < i < n, holds

e ;e T

@ ®; is the conclusion of an inference rule with premises in
{b1,...,9_1}

A propositional calculus is sound iff - ® implies = ®.
A propositional calculus is complete iff = ® implies - .
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Hilbert System

Axioms
o (P—(Q—P))
o (P—(Q—=R))—=((P—Q)—(P—R))
o (-P—=Q) (@~ P))

Inference Rules

@ Modus Ponens
P,(P— Q)

Q
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(p—p)

(p—=p)—p)—=((p—(p—p)—(p—p))
p— p) — p))

(p—p))—(p—p))

(p— p))

—~~
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Sequent Calculus

A sequent is an expression of the form
<¢1,...,¢m = \Ill,...,\ll,,>

where m>0,n>0. ®1,...,d, are called antecendents and
Wy, ..., V, are called succendents.

A inference rule is an expression of the form

S1,...,5n
S

where n >0, S1,...,S5, and S are sequents. Sy,..., S, are called
premises and S is called the conclusion.

An axiom is an inference rule with empty set of premises.
A sequent calculus is a language with a set of inference rules.
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Sequent Calculus

A formula ® is provable from a set of formulas T (denoted by
T | @) iff there exists a sequence of sequents S1,..., S, = (= ),
n > 1, such that for all sequents S;, 1 </ < n, holds

0 5;=(=A®) forsome dec T

@ S; is the conclusion of an inference rule with premises in

{51,...,Si-1}

A sequent calculus is sound iff - ® implies |= &.
A sequent calculus is complete iff = ® implies - ®.

Martin Balaz Computational Logic



Gentzen System

e Axiom of Identity (I, ¢ = A, )

o Negation

(M=24,9)/(T,—¢ = A)

(M= 28)/(I= A,

e Conjunction

(Mo=208)/Tonp=0) (I¢=D0)/(T,YNd= A
(M= 24,¢),(T = A8,9)/(T = A, ¢ A1)

e Disjunction

(M=20,0)/(T=A7,0Ve) (IT=A4,¢)/(T= A7V
(o= A),{¢y=28)/Tovi=A)

@ Implication

(Moo= A9/ =A706— )
(M= A,¢), (M= N/, N,¢— = AN

o Weakening Rule (= A)/(IT = A,¢) (= A)/(I,¢ = A)
o Cut (= A, ), (M,d= N/, = AN




Prove:
pV-p
Proof:
Q@ (p=p)
Q@ (=p,p)
Q@ (=p.pV-p)
Q (=pV-p
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